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Abstract. We study the behaviour of the thermal conductivity for an ideal ultra-relativistic gos
far from equilibrium by using information theory and the fluctuation~dissipation theorem in non-
equilibrium steady states. We compare two different proposals for the nonlinear generalization
of the flucruation-dissipation theorem to the far-from-equilibrium regime, Both proposals lead
to a saturation of the heat flux for high temperature gradients, but one of them is in better
agreement with the expressions most often used in radiation hydrodynamics.

1. Introduction

Information theory provides a useful tool for the analysis of the distribution function
of macroscopic systems subjected to a given set of restrictions [1,2]. The best known
applications of this method refer to systems in thermodynamic equilibrium, i.e. subjected
to resirictions on such quantities as the mean energy and the mean number of particles.
However, there is an increasing interest in using this method in the analysis of non-
equilibrium steady states [3-8]); for instance, systems under constraints on the mean internal
energy 4 and mean heat flux Q. To obtain information on the transport coefficients one
should relate @ and VT. However, VT does not appear in a natural way in the non-
equilibrium distribution function when one requires  and ¢, rather than u and VT, to
have definite values. Nevertheless, one can obtain the transport coefficient, i.e. the thermal
conductivity, by using the second moments of the fluctuations of the heat flux and the
fluctuation—dissipation theorem (FDT).

In full generality, one needs to know not only the second moments of the fluctuations of
the flux but also their time correlation, i.e. one needs the evolution of the fluctuations. Here,
we will deal with a simple illustration where it is assumed that the decay of the fluctuations
is a simple exponential with a relaxation time that does not depend on the flux. Of course,
this is an oversimplification but, even in this case, we will show that one may obtain non-
trivial results. In this work, we shall focus our attention on the thermal conductivity of an
ideal ultra-relativistic gas [8] and, by means of the FDT in non-equilibrium steady states, we
shall obtain a flux-dependent thermal conductivity which leads to a saturation of the heat
flux when the temperature gradient is large enough, by using two different extensions of
the FDT.

The FDT is a classical topic in modern non-equilibrium statistical mechanics [9, 10]. The
best grounded formulation of the theorem corresponds to an analysis of transport coefficients
near eqguilibrium, in the so-called linear response theory. The corresponding extension far
from equilibrium, or, in other words, the nonlinear response theory, is a topic of current
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development [11-14], with many open problems. For instance, several ambiguities may
appear in nonlinear situations. Since the ratio of the flux to the force is not a constant, but
depends on the force itself, such a ratio will differ in principle from the differential transport
coefficient defined as the derivative of the flux with respect to the force. Therefore, it has to
be clarified which of them (the usual transport coefficient 3 /VT or the differential transport
coefficient 8 2/3VT) is related to the fluctuations of the flux.

The plan of this article is as follows. In the second section we explore two posssible
generalizations of the FDT to non-equilibrium states, and in the third section we use the
results of information theory to obtain the corresponding values for the nonlinear thermal
conductivity and we compare them with some of the expressions which are currently used
in radiation hydrodynamics.

2. Fluctuation—dissipation theorem

The FDT [9-12] relates the transport coefficients with the time-correlation function of the
fluctuations of dissipative fluxes. One of the best known formulations of the theorem is the
so-called Green—Kubo relations for the transport coefficients, which, in the particular case
of the thermal conductivity, reads [10-12]

oo

MDD =i ),

{8Q(N3Q(0))eq dr. (1
Here {.. .)eq stands for the equilibrivm average, k is the Boltzmann constant and 0O is the so-
called reduced heat flux, which will be explicated below. A natural question to ask is how
this relationship can be extended to situations far from equilibrium, and how can it vield
a thermal conductivity dependent not only on temperature 7 but also on the temperature
gradient VT or, alternatively, on the heat flux Q. In particular, for an ultra-relativistic gas
it is expected that A will depend on VT in such a way that in the high VT limit the heat
flux remains finite and tends to the asymptotic value Qmq = uc, with u the internal energy
density and ¢ the speed of light. This limit to the heat flux, with its physical origin in the
finite character of the speed of light, is known in radiation hydrodynamics as the flux limit
problem [15-18]. Of course, nonlinear response theory has received much attention, but
usually these analyses have been either abstract and formal or applied to more complicated
systems [11, 12].

Here, we will deal with this problem under simple assumptions which are, however,
useful in understanding some problems arising in the nonlinear context. In this way, we
assume an exponential decay for the fluctuations of 0,te 80(1) =8 Q(O)exp(—r/'r) with
the relaxation time t independent of Q. This simple hypothesis has often been made in
recent thermodynamic formalisms [19-23], which have paid attention to the thermodynamic
implications of relaxational extensions of hydrodynamical transport equations. In the
simplifying hypothesis of exponential relaxation, (i) reduces to

= #(aém)s O(0))eq @)

with §Q the fluctuation of the subtracted heat flux, ¢ = @ — cx. In non-equilibrium
situations, relation (2) could be naively generalized as

2 _ T 5080
e = 5 (08 G
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with {...)neq being an average over a non-equilibrium steady-state distribution function
characterizing the physical situation under study. In our case, we will use the non-
equilibrium distribution function (6) which will be discussed in the next section.

A different version of the FDT {13, 14], instead of (1), relates the second moments of the
fluxes to the differential transport coefficient 3 /3 VT rather than to the usual conductivity
A= —Q/VT,ie.

80 !
TAVT | kT?

An expression analogous to this one (though more general and abstract and written for the
quantum case and valid only for Hamiltonian perturbations) was obtained in [14] by solving
the von Neumann equation for a system exposed to external perturbations and using the
invariant part of the time-dependent density matrix to generalize the linear reponse theory
to non-equilibrium states. ‘We will comment further on this expression in the concluding
section. In the hypothesis of an exponential decay of fluctuations, (4) reduces to

f (8 D)8 D(0))neq 1. )

ki
~3v7 sz (808 Q) neq. )
Of course, since in the neighbourhood of equilibrium one has @ = —AVT, it follows that

(3) and (5) are completely equivalent near equilibrium.

For an ultra-relativistic gas under a heat flux, the distribution function very far from
equilibriom is explicitly known [8] and it allows us to obtain the second moment of the
fluctuations of 1 and @ around their mean values. We will resort to them to obtain the
coefficient of thermal conductivity by using the above generalizations, (3) and (5), of the
FDT to non-eguilibrium steady states.

3. Information theory

The distribution function f for a system under the constraints of a given mean energy » and
non-vanishing heat flux @ is, according to standard maximum entropy arguments [3-8],

f=2Z"'exp(—BH - 1Q) (6)

where A is the Hamiltonian, Q the microscopic operator for the heat flux, and 8 and 7 the
Lagrange multipliers related respectively to the mean energy u = (H H) and the mean heat
flux 0 =(0). Zisa generalized partition function ensuring the normalization of f. For
an ideal ultra-relativistic gas, H= >oa Puts 0= > o Putlq, with P, the modulus of the

momentum of the « particle (@ = 1,2, ..., N) and one obtains for Z(8, I) the expression
N
1 [ 8axv A
Z(ﬂ,f)z'fﬂl:ﬁscshs (1_ A7 ) ] &)

with N the number of particles, & the Planck constant and V the volume of the system.
From the definition of entropy

S(u, @)= —kffln(f)d[‘ (8)

the Gibbs equation takes the generalized form
ds =kBdu+kIdQ ©
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where d[” is the element of volume in the phase space. The Lagrange multipliers have the
explicit form [8]

=T [\/4 3t — 1] (10)
c1=—.3Ti[2_3x2+J4-3x2 - (1)

with x = Q/Q and Q¢ = cu the saturation heat flux. Note that in the limit of a vanishing
heat flux, i.e. when x = 0, @ reduces to T, the local-equilibrinm temperature, and 7 tends
to zero, so that one recovers, from (8), the classical Gibbs equations ds = 7' du and the
distribution function (6) takes the standard form of the canonical equilibrium distribution
function.

The second moments of the fluctuations of 4 and @ are given from a standard procedure

as
2nZ
(5!4314) = —a'ﬁ'i-—
Pz
(608Q) = === (12)
3*nz
(5us Q) = TR

From expression (7) of the partition function, the latter set of fluctuations can be expressed
as

3N 4N SIP(3p% - 1Y)

(8u8u} = -JB—z + ﬂz (ﬁz — 5212)2
4Nc?
(608Q) = s (8 + 1Y) (3)
_ SN2 B
(SMSQ) = *m

respectively.
Introducing equations (13) into equation (3), the nonlinear thermaf conductivity may be
written as

Q0 _ 3N [1 _ 44cIp? — (B DB+ 1Y) 14)
VT kT? 82 3 B—cH{(B+cl)? ] (
whereas in the approach of (5) we have
_ 8@t 3N {1 _z_t4c132—(ﬁ+cl)(ﬁz+c212)] (15)
avT kT2 B2 3 (B~cD(B+clP '

Since 8 and I are complicated functions of T and (, it is not easy to write  explicitly in
terms of VT . Instead of that, in figure 1 we plot @/Qq against the temperature gradients
obtained from (14) and (15). In either case Q/Q does increase linearly with VT for small
values of VT but it asymptotically tends to @/Qo = 1 in the limit of high VT.

To decide which of the two relationships between  and VT is the more satisfactory,
we compare our results with some well known expressions for the nonlinear X used in
radiation hydrodynamics. In fact, several different forms of flux limiters are used in radiation
hydrodynamics [15]); some of them are based on specific physical arguments (kinetic theory,
for instance), whereas some others are purely ad hoc expressions. Here, we will take
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Figure 1. Plot of Q/Qy against y = {VT/T. For large temperature gradients all ¢the curves
tend to saturation (Q = ), whereas in the limit of low VT, Fourier’s law is recovered.

two different expressions for the flux limiter. One of them proposed by Levermore and
Pomraning [16] is based on the kinetic theory of radiation:

A= 29 [coth(y) - l} . (16)
y ¥

Here y = U'|VT|/T, I' is a coefficient with units of length and has the meaning of a
mean-free path of order ct, and Aq is the thermal conductivity in the limit of low heat flux.
Expression (16} has been obtained by a Chapman-Enskog approach from a flux-limited
diffusion theory which starts from a transport equation for the specific intensity of radiation
[16]. Other versions of flux limiters do not have a sound physical basis, but they are often
in the analysis of astrophysical problems, used because of their simplicity.

For instance, the nonlinear thermal conductivity is often written as a ratio of two simple
polynomials [16-18]:

6+ 3y
=g [ 23 Y. 17
°(6+3%+ﬁ) (7

Another expression for the nonlinear thermal conductivity has been obtained [17] from the
assumption that the density of the integrated frequency is isotropic in some inertial frame.
This yields a relation between the thermal conductivity A and the dimensionless temperature
gradient y given by the expressions

1 - FAYA
AGY) =9xoﬁ s
LB
Y= T py

where 8 is a parameter that changes between 0 and 1, yielding y =0for § =0and y = 0
for 8 = 1. Thermodynamic arguments [24] yield the conclusion that this is the form of
A(y) implied by thermodynamic arguments based on the existence of an entropy dependent
on the first two moments of radiative distribution function.
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The three flux limiters (16)—(18) behave as A = Ay when y — O and as @ = Oy when
y = oo. In figure 1 we also plot G/Q¢ as a function of y corresponding to equations
(14)-(18).

Inspection of figure 1 shows that the behaviour described by equation (15) is much
closer to the flux limiters (16) than that of equation (14). In fact, (15) yields a
behaviour intermediate between the one described by kinetic theory in the Chapman—~Enskog
approximation and the practical expression (17), and it provides a better approximation to
(16) than the ad hoc version (17). Note also that the curve based on (15} is very close
to the curve obtained from the nonlinear thermal conductivity (18), whereas the curve
obtained from (14) is too low to be acceptable. From this we conclude that Ichivanagi’s
generalization of the FDT is more reliable than the naive extentions (3) of Kubo’s equation,
under the assumption of an exponential decay for the fluctuations.

Let uvs finally point out that it is not surprising that our result does not coincide with
the one obtained in kinetic theory, Indeed, neither our result nor the result (16) is an exact
first-principles expression, but they are approximated expressions based on very different
physicai approaches. In fact, it is rather satisfactory that such different starting points fead
to final results which are significantly similar.

4, Conclusions

It is seen that the results obtained from two possible versions of the FDT, namely the
direct extension of the Kubo formula for thermal conductivity (3) and the Ichivanagi
expression (5) for the differential transport coefficient lead to a saturation for the heat flux
in non-equilibrium steady state (equations (14) and (15) respectively) and that their general
behaviour is rather similar. Comparison with the expressions for radiation hydrodynamics
indicate that extension (5) is preferable to extension (3) of the fluctuation—dissipation
expression to the nonlinear regime, because it yields a behaviour which is closer to the
results given by the flux limiters used in radiation hydrodynaemics.

Let us also comment on the hypothesis that ¢ does not depend on @ although admittedly
this is an oversimplification, it is not an internally inconsistent hypothesis, For instance,
in the relaxation-time approximation of kinetic theory of gases, one often assumes kinetic
equations of the form

of

1
v Vi=—sU - fo) (19)

with v the molecular velocity, f the distribution function and fp the local-equilibrium
distribution. In this formalism, if one goes to the nonlinear order in the solution, one finds
a nonlinear thermal conductivity A(T, VT) in spite of the fact that z only depends on T
and does not depend on VT or . Note that in this paper we have used, instead of the
solution of (19}, an expression for f based on maximum-entropy arguments. This is due
to the fact that we need a solution that remains valid even very far from equilibrium, in
highly nonlinear regimes in which solutions of kinetic equations are not easily available.
The derivation of the fluctuation—dissipation expression for the differential transport
coefficient, analogous to (4), was based [14] on a non-equilibrium Hamiltonian of the form

Hity=H~Y AEQ) (20)
I

A being the Hamiltonian of the unperturbed system, E; the external fields, for instance
an electric field, and A; the operators of the system conjugate to the external fields. In
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our case, no Hamiltonian is directly related to the perturbation. Instead, we have used an
expression of the form (6), i.e.

f ~ exp [—,3 (ﬁ+%1- Q)] (21)

Therefore, if follows that the expression (—I/8) - 0 plays the role of the Z:j AjE; in
(20). In fact, according to extended irreversible thermodynamics, the quantity —I/8 may
be identified [8] as V™!, where 7 is the relaxation time and V&~ is the force conjugate
to the heat flux. Thus, the non-equilibrium distribution (6) may be interpreted as giving an
effective perturbed Hamiltonian describing the thermal perturbation due to the temperature
gradient.

It must also be pointed out that in [14] the evolution and probability of the fluctuations
are not exactly described by the same non-equilibrinm Hamiltonian. To a certain extent,
the inclusion of the effects of the non-vanishing @ in the statistics but not in the dynamics
of the fluctuations in the present problem may be seen as a particular and very simplified
consequence of this fact.

Let us finally mention that, to the best of our knowledge, fluctuation—dissipation ideas
have not been used in the context of the nonlinear thermal conduction in relativistic gases
nor in the context of radiation hydrodynamics, so that this work may be regarded as a
contribution to the study of flux limiters, the thermodynamic analysis of which has received
fresh attention from the thermodynamic point of view in recent years [24, 25].

Acknowledgments

MZ acknowledges a scholarship of the Spanish Government, of the Programa de Formacién
del Perscnal Investigador (AP92-0G139260). This work has been partially supported by
DGICYT of the Spanish Ministry of Education and Science under grant PB-90/0676. We
are grateful to Dr M Ferrer and Professor I Casas-Vazquez and Professor M Anile for useful
discussions.

References

[1]1 Levine R D and Tribus M ed 1979 The Maximum Entropy Formalism (Cambridge, MA: MIT)
[2] Grandy W T 1987 Foundations of Statistical Mechanics vol Il {Boston, MA: Reidel); 1980 Phys. Rep. 62
175
[3] Robertson B 1967 Phys. Rev. 160 (75
[4] Vasconcellos A R, Luzzi R and Garcia-Colin L C 1991 Phys. Rev. A 43 6622
[5) Nettleton R E 1989 J. Phys, A: Math. Gen. 22 528],
[6] Garcia-Colin L, 8, Vasconcellos A R and Luzzi R 1994 1. Non-Equilibrium Thermodyn. 19 24
[7]1 Jou D, Pefez-Garcia C and Casas-Vazquez J [984 . Phys. A: Math. Gen. 17 2799
[8] Ferrer M and Jou D 1995 Am. J. Phys. at press
[9] Kubo R 1957 J. Phys. Soc. Jupar 12 370
f10] Kubo R 1966 Rep. Prog, Phys. 255
[11] Klimontovich R C 1992 Fluctuation-Dissipution Theorems, in Equilibrium and Nonequilibrium States (Berlin:
Springer)
[12] Evans D J and Morriss G P 1390 Staristical Mechanics of Noneguilibrium Liguids (New York: Academic)
1137 lchiyanagi M 1991 J. Phys. Soc. Japan 60 3271
[14] Ichayanagi M 1993 Physica 201A 626
[15] Mihalas D and Mihalas B W 1984 Founduations of Radiation Hydrodynamics (Oxford: Oxford University
Press)
[16] Levermore C D and Pomraning G C 1981 Astrophys. J. 348 321
[17] Levermore C D 1984 J. Quanr. Specrosct. Radiat. Trangfer 31 149



1592 D Jou and M Zakari

[18] Le BlanJ M and Wilson R 1970 Appl. J. 161 541

[19] Jou D, Casay-Vazquez J and Lebon G 1593 Extended Irreversible Thermodynamics (Berlin: Springer)
[20] Muler I and Ruggesi T 1993 Extended Thermndynanics (New York: Springer)

[21] Salamon P and Sicniutycz S 1992 Extended Thermodynamic Systems (New Yotk: Taylor and Francis)
[22] Garcia-Colin L S and Uribe F G 1991 J, Non-Equilibrium Thermodyn, 16 89

{23] Jou D, Casas-Vizquez J and Lebon G 1988 Rep. Prog. Phys. 51 1104

{24] Anile A M, Pennist S and Sammartino M 1991 J. Math. Phys. 32 544

[25] Anile A M and Romano V 1992 Astrophys. J. 386 325



